CHARACTERIZATION OF THE LACK OF COMPACTNESS OF 
H^adi'^'^) INTO THE ORLICZ SPACE 



INES BEN AYED AND MOHAMED KHALIL ZGHAL 



Abstract. This paper is devoted to the description of the lack of compactness 
of the Sobolev space H^adi^'^) ^^^"^ Orlicz space £{W^). The approach that we 
adopt to estabhsh this characterization is in the spirit of the one adopted in the 
case of H^^^{R'^) into the OrUcz space £(M^) in ^. 
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1. Introduction 

1.1. Development in critical Sobolev embedding. Due to the scaling invari- 
ance, the critical Sobolev embedding 

(1.1) H'iR"^) ^ LP(R"'), 

when < s < I and - = j ~ % not compact. 

After the pioneering works of P. Lions and [2], P. Gerard described in |S] the 
lack of compactness of (11. ip by means of profiles in the following terms: a sequence 
{un)n bounded in if*(M'^) can be decomposed, up to a subsequence extraction, on 
a finite sum of orthogonal profiles such that the remainder converges to zero in 
L'P{M.'^) as the number of the sum and n tend to infinity. This question was later 
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investigated by S. JafFard in the more general case of H^''^(W^) t- L^(W^), < s < ^ 
and - = - — ■§ by the use of nonhnear wavelet and recently in an abstract frame 
X ^ Y including Sobolev, Besov, Triebel-Lizorkin, Lorentz, Holder and BMO 
spaces. (One can consult [7] and the references therein for an introduction to these 
spaces). In addition, in [3], |1] and [5] H. Bahouri, M. Majdoub and N. Masmoudi 
characterized the lack of compactness of i^f^(R^) in the Orlicz space (see Definition 



in terms of orthogonal profiles generalizing the example by Moser: 

- log I X I 



9n[X) 




dr. 



where a := (a„), called the scale, is a sequence of positive real numbers going to 
infinity and -0, called the profile, belongs to the set 

The study of the lack of compactness of critical Sobolev embedding was at the origin 
of several works concerning the understanding of features of solutions of nonlinear 
partial differential equations. Among others, one can mention [2], [10], [TT], [12] and 

HE]. 



1.2. Critical 4D Sobolev embedding. The Sobolev space i/^(M'*) is continuously 
embedded in all Lebesgue spaces Lp(M^) for all 2 < p < oo. On the other hand, it is 
also known that H'^i^^) embed in BMO{^^)^L^{^^), where BMOi^^) denotes the 
space of bounded mean oscillations which is the space of locally integrable functions 
/ such that 



BMO 



s^Pt4t / |/-/i?Ua;<oo with = / f dx. 
B \d\ Jb |-d| Jb 



The above supremum being taken over the set of Euclidean balls -B, | ■ | denoting 
the Lebesgue measure. 

In this paper, our goal is to investigate the lack of compactness of the Sobolev 
space H'^^^iR^) in the Orlicz space /^(M"^) defined as follows: 

Definition 1.1. Let (p : — > be a convex increasing function such that 

0(0) = = lim 0(s), lim 0(s) = oo. 

We say that a measurable function u : R'^ ^ C belongs to if there exists A > 
such that 



\U[Xj 



dx < oo. 



We denote then 



\u\\l^ = inf <! a > 0, / ( ] dx<l 
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In what follows we shall fix d = 4, 0(s) = e''^ — 1 and denote the Orlicz space L"^ by 
L endowed with the norm || ■ ||£ where the number 1 is replaced by the constant k 
involved in (11. 3p . It is easy to see that C ^ U for every 2 < p < oo. 
The 4D Sobolev embedding in Orlicz space C states as follows: 

1 

(1-2) < ^/^^ ||^||h2(r4). 

Inequality (II. 2p derives immediately from the following proposition due to Ruf and 
Sani in [T7] : 

Proposition 1.2. There exists a finite constant /t > such that 
(1.3) sup / U^-'H-)? _ 1^ dx 



K. 



Let us notice that if we only require that || Am||j;^2(jr4) < 1 then the following result 
established in |15] holds. 



Proposition 1.3. Let j3 G [0,327r^[, then there exists C/? > such that 

(1.4) j (^e'^l"(^)l' - l) < C/3h||22(jg4) Vm e i/2(M^) wzi/i ||An||i2 < 1, 

and this inequality is false for (3 > 327r^. 

Remarks 1.4. The well-known following properties can be found in [15j and p7]. 

a) The inequality (II. 3p is sharp. 

b) There exists a positive constant C such that for any domain C 



sup / L^^-'wi^r _i\dx< c. 



«6i/2(C),||(-A+/)n||^2(„)< 

c) In dimension 2, the inequality (ll.4p is replaced by the following Trudinger-Moser 

type inequality (see [T] and [T5] ).• 

Let a G [0,47r[. A constant Ca exists such that 

(1.5) J (^e"!''^^)!' - l) < C„||M||i2(iR2) yue H\R^) with\\Vu\\L2^u^)<l. 
Moreover, if a > Arc then (II. 5p is false. 

1.3. Lack of compactness in 4D critical Sobolev embedding in Orlicz space. 

The embedding of if^(M^) into the Orlicz space is non compact. Firstly, we have a 
lack of compactness at infinity as shown by the following example: 

Uk{x) = ip{x + Xk), (f G T'(M^) \ {0} and \xk\ — > oo. 
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Secondly, we have a lack of compactness generated by a concentration phenomenon 
as illustrated by the following example (see [17] for instance): 



;i.6) 



H / o II \x\ < e 



-logJx| 
V87r2o 



if e-° < |x| < 1 
if \x\ > 1, 



where rj^ € P(R^) and satisfies the following boundary conditions: 



1 



dBi 



with i?i is the unit ball in W^. In addition, r]a, Vrja, At/q, are all equal to o( —=] (Q) 
as a tends to infinity. 

By a simple calculation (see Appendix A), we obtain that 

||/a|li2 = oQ, ||V/J|i. =oQand||A/„||i. = l + 0(i) as a ^ +oo. 
Also, we can see that ^ in if^(M^). 

a— >oo 

The lack of compactness in the Orlicz space £(]R'^) displayed by the sequence (/«) 
when a goes to infinity can be stated qualitatively as follows: 

Proposition 1.5. The sequence (fa) defined by (11. 6p satisfies: 



WfaWc ^/^2^ ' asa^ +oo. 



Proof. Firstly, we shall prove that liminf ||/q||/: > 
consider A > such that 



:. For that purpose, let us 



e ^ — 1 dx < K. 



Then 



But for \x\ < e we have 



|a:|<e- 



i/Q(_^)r 

e 



l\ dx < K. 



a 1 



V32 



> 



a 



in 



2 ■ 



So we deduce that 



e8T2A2 — 1] r dr < n. 



^The notation g{a) — 0{h{a)) as a ^ +oo, where g and h are two functions defined on some 
neighborliood of infinity, means the existence of positive numbers ao and C such that for any 
a > ao we have |5(q!)| < C|ft.(Q;)|. 
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Consequently, 



27r2 ( eS^ - 1 ) < K, 



g-4a 



which imphes that 



^2 1 1 



327r2 + ^ log(^ + e-4") 32%^ ' 
This ensures that 

hminf \\fa\\c > 



2 



To conclude, it suffices to show that limsup ||/q||£ < . To go to this end, let 

0-5-00 v327r2 

us fix £ > and use Inequality (11. 4p with /3 = 32%"^ — e. Thus, there exists > 
such that 



The fact that lim ||/q||l2 = leads to 



limsup II 11^ < 



327r2-e' 

which ends the proof of the result. □ 
The following result specifies the concentration effect revealed by the family (/«): 
Proposition 1.6. With the above notation, we have 

2 

|A/„P^5(x = 0) and e^2"'l-^"l' - 1 ^ —(e^ + 3)5(2; = 0) as a ^ oo m V'( 

16 

Proof. For any smooth compactly supported function let us write 

/ \/^fa{x)\^if{x) dx = Ia + Ja + Ka, 

with 



la = \Afa{x)\'^ip{x) dx, 

J\x\<e-°' 

Ja = |A/q,(x)|^(/7(x) dx and 

Je-°'<\x\<l 

Ka = \Afaix)\'^Lp{x) dx. 

J\x\>l 



Noticing that Afa{x) = J^^^2a 1^1 — ^ °' S^t 

a a— >oo 

This ends the proof of the first assertion. 
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On the other hand, as A/^^ = ^ if e " < < 1, we gi 



-99(0) ax + 



:et 



e-"<|a:|<l 



\X\ 



./e-«<|x|<l 



x\ 



■{<^{x) — </'(0)) dx 



/c-«<|a;|<l 

Using the fact that \(p{x) — <fi{0)\ < \x\\\'Vlp\\l'>° we obtain that 

|^„_^(0)|<l!Z*l(i_e-")^0. 

Finally, taking advantage of the existence of a positive constant C such that 

II A?7q,||l°° < and as is a smooth compactly supported function, we deduce that 

|i^a| 0. 
a->oo 

This ends the proof of the first assertion. For the second assertion, we write 
where 



La — 



Ma = 



We have 
L. 



^|a;|<e-« ^ 



,327r2|^(a:)|2 



|a:|<e 
f 

c-"<|x|<l 
f 

\x\>l 



(^e32-^l/a(-)P _ 1^ (^(a;) dx and 

32.^\U.r _ 1^ (^(^) dx. 



) {^{x)-^{0)) dx+ f L32n^\Uix)\'^ _ A (^(0) dx. 



Arguing as above, we infer that 

- / (e32-'l/«(-)P _ 1) ^(0) dx 



As the right hand side of the last inequality goes to zero when a tends to infinity, 
we find that 



J\x\<e-" ^ ^ 



0. 



Besides, 

J\x\<e-°' ^ ' 



V("+i)e^99(0) 



TT 



- y<^(0)e-^". 
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Now, performing the change of variable s = re", we get 

J\x\<e-°' ^ 

which imphes, in view of Lebesgue's theorem, that 



'4o 



hmL„ = 27rVv?(0) / s^e 



,,3 „-4s2 



ds 



TT 

16 



[e^- 5)^(0). 



Also, writing 



e-«<|x|<l 



4(log|3:|)^ 

e « 



TT 



e-"<|x|<l 



4(log 



1 1 dx. 



we infer that Mq, converges to — 79(0) by using the following lemma the proof of 
which is similar to that of Lemma 1.9 in [5]. □ 

Lemma 1.7. When a goes to infinity, 



7-4 log r — j_ _ 

5 



Finally, in view of the existence of a positive constant C such taht ^ 
and as (y9 is a smooth compactly supported function, we get 

Na 0, 

which achieves the proof of the proposition. 

1.4. Statement of the results. Before entering into the details, let us introduce 
some definitions as in [5J and [8J. 

Definition 1.8. We shall designate by a scale any sequence a := (an) of positive 
real numbers going to infinity. Two scales a and (5 are said orthogonal if 



log 



— 7- 



The set of profiles is 

P := 1^ G L\^,e-^'ds)- ^' G L\M), ^|]_„o,o] = o}. 

Remark 1.9. The profiles belong to the Holder space . Indeed, for any profile ip 
and real numbers s and t, we have by Cauchy-Schwarz inequality 

ft 



ms)-m\ 



ip'ir) dr 



< 



L2( 



Our main goal is to establish that the characterization of the lack of compactness 
of critical Sobolev embedding 



HIM') m') 



8 INES BEN AYED AND MOHAMED KHALIL ZGHAL 

can be reduced to the example fll.6p . In fact, we can decompose the function /„ as 
follows: 



where 



and 



1 if t>l 
L{t) = { t if < t < 1 
if t<0 



1-1"!''^'" if 1x1 < e-" 
ra{x) = < if e"" < Ixl < 1 



?7a(x) if \x\ > 1. 

The sequence a is a scale, the function L is a profile and the function Tq, is called 
the remainder term. 

We can easily see that — > in C. Indeed, for all A > 0, we have 



< 



^4 4a 



e -1] dx < 27r^ / fe^^^^^ - 1 rfr 



— > 0. 



Moreover, since 77 belongs to V(R. ) and satisfies ||?7a||L°° < for some C > 0, we 
get 



|x|>l 







^ dx 


fe - 






lo 


g \x\' 












a , 



— > 0. 



Let us observe that ha{x) := 4/— rL( — — -] does not belong to if^(M^). To 

Y Svr^ V a / 

overcome this difficulty, we shall convolate the profile L with an approximation to 
the identity p„ where Pn{,s) = anpi^ns) with p is a positive smooth compactly 
supported function satisfying 

(1.7) supppc[— 1,1] and 



;i.8) j p{s) ds = 1. 



More precisely, we shall prove that the lack of compactness can be described in 
terms of an asymptotic decomposition as follows: 

Theorem 1.10. Let {un)n be a bounded sequence in 

H^adi^"^) such that 

(1.9) Un ^ 0, 

(1.10) limsup ll-Unll/; = ^0 > 0, and 



[l-ll] limlimsup / \un{x)\'^ dx = 0. 

R^oo „^oo J\x\>R 
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Then, there exists a sequence (a'^-'^) of pairwise orthogonal scales and a sequence of 
profiles [ip^^'') in V such that up to a subsequence extraction, we have for all i > 1 



[1.12) 



a 



where Pn\s) = an' p{an' s) and limsup llr^^ 



„0') ^(Jj) 



0. 



Remarks 1.11. a) As in [8\, the decomposition fll.l2p is not unique. 
b) The assumption (11. lip means that there is no lack of compactness at infinity. It 
is in particularly satisfied when the sequence is supported in a fixed compact of 
and also by the sequences 



:i.i3) 



a 



(i) 



in- 



— log I X I 



involved in the decomposition f ll.l2p . 

c) As it is mentioned above, the functions hn\x) := \j '^^^ 
belong to i^f^(M^). However, we have 



;i.i4) 



9n 



" \\c 



0, 



where the functions gn^ are defined by f ll.l3p . Indeed, by the change of variable 
and using the fact that, for any integer number j, -0^-^^ * pn^ is supported 



_ log \x\ 

in [ — gy, oo[ and i/j^^^ is supported in [0, oo[, we infer that for all X > 



1] dx = 27r2ai^) 



1 



-^""'^ ds. 



Since 



|(^(i) ^pO-))(5) < 



-1 



a 



(j) 



V'^^^(s) pit) dt 



we obtain, according to Cauchy-Schwarz inequality, 

• 1 



< 



i;^^\s) 



dt 



^ \ij^^\s - t) - ^^^\s)f dr 
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Applying again Cauchy-Schwarz inequality, we get 

|2 



1 



1 



< 



S — T 
S 



1 

sup 



duj\T\ dT 

du. 



Then, there exists a positive constant C such that 



-l\dx < 

< In + J, 



sup 



Si) 



where 



( 



a. 



(3) 



sup 



se[3Q,00[,|T|<— ^ 



/;_j(^o))'(„)|2d„ \ 



0) 

e"^"" ds and 



a 



(i) 



1 



c 
17 



sup 



i^,Sn],|T|<— i:. 



\ 



for some positive real Sq. 
Noticing that 



In<\e 



c\\(^U))'f 



- 1 



e-^""'^ ds, 



we infer that 



Moreover, the fact that 



Cn '■ — C 



lim In = 0. 



sup 



du ^ 0, 



implies that 



lim Jn = lim ( — 1 



n—^oo n—^oo 



(i) 

4 



0. 



This leads to (11.141) as desired. 

d) Similarly to the proof of Proposition 1.15 in [5], we get by using f ll.l4p 

II (j)|| 1 \^P'^^Hs)\ 



lim ||5f(^)| 



max ■ 



V327r2 s>o ^ 
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e) Setting gn{x) := * P"^) (^^) > ^^^re p'J,\s) = a^^^p{ai\s) with p is 

a positive smooth compactly supported function satisfying (11. 7p and fll.Sp . we notice 
that 



71— >00 



where the functions QrP are defined by fll.l3p . To prove (11.151) . we apply the same 
lines of reasoning of the proof of (I1.14p . 

f) Compared with the decomposition in it can be seen that there's no core in 
(I1.12p . This is justified by the radial setting. 

Theorem 11.101 induces to 

\\un\\c sup ( lim Ibi^^L). 
This is due to the following proposition proved in [5]. 

Proposition 1.12. Let {ct^^^)i<j<£ be a family of pairwise orthogonal scales and 
{'ip^-'^)i<j<e be a family of profiles, and set 




9n[X) = } (V^"' * P'^') \ ) := 2^ g'ri'[X) 



Then 



9n\\c sup ( lim Wg^^M 
i<j<e VTi^oo 



1.5. Structure of the paper. The paper is organized as follows: Section 2 is 
devoted to the proof of Theorem 11.101 by describing the algorithm construction 
of the decomposition of a bounded sequence in H^^^{R'^), up a subsequence 
extraction, in terms of orthogonal profiles. In the last section, we deal with several 
complements for the sake of completeness. 

We mention that C will be used to denote a constant which may vary from line 
to line. We also use A < B to denote an estimate of the form A < CB for some 
absolute constant C and A B ii A < B and B < A. For simplicity, we shall also 
still denote by any subsequence of 



2. Proof of the main theorem 

2.1. Scheme of the proof. The first step of the proof is based on the extraction 
of the first scale and the first profile. As in p], the heart of the matter is reduced 
to the proof of the following lemma: 

Lemma 2.1. Let (un) be a sequence in i/^^^(M^) satisfying the assumptions of The- 
orem M.IIK Then there exists a scale («„) and a profile ij) such that 

(2.1) II^'IU^W > CAo, 

where C is a universal constant. 



12 
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Then, the problem will be reduced to the study of the remainder term. If the limit 
of its Orlicz norm is null we stop the process. If not, we prove that this remainder 
term satisfies the same properties as the sequence start which allows us to apply the 
lines of reasoning of the first step and extract a second scale and a second profile 
which verify the above key property (12.11) . By contradiction arguments, we get the 
property of orthogonality between the two first scales. Finally, we prove that this 
process converges. 

2.2. Preliminaries. To describe the lack of compactness of the Sobolev space 
i7^^^(R^) into the Orlicz space £(M^), we will make firstly the change of variable 
s := — logr with r = \x\ and associate to any radial function w on a one space 
variable function v defined by v{s) = u{e~^). It follows that: 



(2.2) 
(2.3) 
(2.4) 
(2.5) 



du 



dr 



—dr-u 
r 



IAmII? 



27r^ 

277^ 

27r2 
27r2 



e-^'\v{s)? ds. 



e-^'Wis)? ds, 



|v'(s)p ds and 
\-2v'(s) + v"(s)\^ ds. 



The quantity (12. 4p will play a fondamental role in our main result. Moreover, for a 
scale (a„) and a profile ip we define 



9n[X) 



{i> * Pr. 



— log 



where Pnis) = a„p(a„s) with p is a positive smooth compactly supported function 
satisfying (II. 7p and (II. 8p . Straightforward computations show that 



(2.6) 

(2.7) 

(2.8) 
(2.9) 

Indeed, we have 



dr 



-drQn 

r 



L2 



L2 

||A^n|U2 



< 



< 



< 



s re 



ds , 



L2( 



and 



\9n\\L'^ 



Olr. 



|(^*p„)(s)|V^""^ ds 



Wn * Pn\ 



L2(K)' 
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where i^niT) = ^'0(r)e and p„(r) = p„(r)e According to Young's in- 

equality, we get 

lkn||L2(K4) < WlpJ 







' j'OO 




_ On ( 






) 2 [ 








Jo 



obtain f l^TB]) . 
Similarly, writing 



dgn 



dr 



L2 



,,L2(R)llPri||Li(R)- 
^^ „ „ 

dr and 



p(r)e dr, we 



tpn * Pn 



-1 



L2( 



where ipn{T) = 2'^'{'t)^ ""^ and ^^(t) = pn{T)e """^ and using Young's inequality, 
we infer that 

dgn 



dr 



< 



L2 



L2f 



1 

< - 

- 2 



"... 



-1 



which leads to fl2.7p . 
Also, we have 

1 



drgr. 



L2 



Finally, 



W^gn 



i2 



^IIV''*Pn||L2(K) < ^||^'|U2( 



2(^'*p„)(^) + — (V^'*P'n)(s) 



< IIV^' * Pn||L2(K) + 



2a„ 



< 



|L2( 



2a. 



U2(k)||p„||li 



The fact that ||p'„||li(r) = J p'{'t) dr ensures (12.91) . 



2.3. Extraction of the first scale and the first profile. Let us consider a 
bounded sequence in H'^ad^*) satisfying the assumptions (11. 9p . (ll.lOp and 
(II. lip and let us set 

Vn{s) := Un{e~'). 

We have the following lemma. 

Lemma 2.2. Under the above assumptions, the sequence converges strongly to 
in L^(]R^). Moreover, for any real number M, we have 

(2.10) lim ||^;„||L-'(]-oo,Af[) = 0. 
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Proof. For any i? > 0, we have 

||Wn||L2(R4) = ||Mn||L2(|x|<R) + || || L2(|i:|>R) • 



According to Rellich's theorem, the Sobolev space H'^{\x\ < R) is compactly em- 
bedded in L^(|a;| < R). Thanks to f|L9|) . we get 

hm \\Un\\Lmx\<R) = 0. 
n— >co 

Now, taking advantage of the compactness at infinity of the sequence given by 
(11 -lip , we deduce that 



(2.11) 



hm ||m„||l2 



0. 



Besides, according to Proposition I3.4[ we infer that 



(2.12) 



3 1 



I Vtin II ^2 



For s < M, (12.1 op derives immediately from (I2.12p and the strong convergence of 
(m„) to zero in L'^{R^). □ 

Now, we shall determine the first scale and the first profile. 

Proposition 2.3. For all < S < Aq, we have 

Vn{s) 2 



sup 

s>0 



An -5 



— 3s I — > oo. 



Proof. To go to the proof of Proposition 12.31 we shall proceed by contradiction by 
assuming that there exists a positive real 6 such that, up to a subsequence extraction. 



(2.13) 



sup 

s>0,neN 



A. -6 



-3s <C, 



where C is a positive constant. Thanks to (I2.10p and (I2.13p . we get by virtue of 
Lebesgue's theorem 



lim 



|x|<l 



el -^0 



An-S 



l] dx = lim 2ti 

n— ^-oo 



oo ^1 / > 1 2 



el ^0- 



- l)e-^' ds = 0. 



On the other hand, using Proposition 13. 41 the boundedness of («„) in H^iM."^) ensures 
the existence of a positive constant C such that 

\un{x)\ < C, V n G N and |x| > 1. 

By virtue of the fact that for any positive M there exists a finite constant Cm such 
that 



sup 

\t\<M 



r -I 



< c 



Ml 



we obtain that 



r / I un(x) I 

/ (el ^0-^1 



I] dx< C\\Un\\l2 
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'2/7n)4\ 



15 



The strong convergence of to in L (R ) leads to 



eUo-5| -I) dx — ^ 0. 



Thus, 



hm \\un\\c < Ao- 6, 

n— >oo 

which is in contradiction with Hypothesis (ll.lOp . 
Corollary 2.4. There exists a scale "*) such that 



□ 



Proof. Let us set 



WJs) := 4 



An 



Vn{s) 



3a« 



oo. 



Ao 



— 3s and an := supiy„(s). 

s>0 



Then, there exists a positive sequence (a^ ■*) such that 

Wn{all^) >a„--. 
According to Proposition I2.3[ a„ tends to infinity and then 



oo. 



It remains to show that — > oo. If not, up to a subsequence extraction, the 

sequence (a™ ^) is bounded in M and so is (Wn{a^n^)^ thanks to f l230|) . This yields 
a contradiction. □ 



Corollary 2.5. Under the above assumptions, we have for n big enough, 



where C 



limsup II Au„ 11/^2 



iTT n—>-oo 



Proof. The left hand side inequality follows directly from Corollary 12.41 On the 
other hand, for any s > and according to Cauchy-Schwarz inequality, we obtain 
that 



Vn{s)\= v40)+ / <(r)dr < |t;„(0)| + v^||z;;|| 



L2f 



By virtue of (12. 4p and Lemma 13. 3[ we get 



poo 




2 \ 






r dr ] 


Jo 







1 HA n 

A«„ 1^2 
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Using the boundedness of the sequence (Ati„) in L^(]R^) and the convergence of 
{vn{0)) to zero, we infer that 

\Vnis)\<0il) + C^/^, 

where C = hm sup || Ati„||£^2(]i54), which ensures the right hand side inequahty. 

vStT^ ra-s>oo 

□ 



Now we are able to extract the first profile. To do so, let us set 



The following lemma summarizes the principle properties of 
Lemma 2.6. Under the same assumptions, we have 



(2.14) V6^^<|^„(l)|<C + o(l), 

where C = limsup ||Am„| 1/^2(^4). Moreover, there exists a profile i/j^^^ such that, up to 

n— ^-oo 

a subsequence extraction. 



Proof. According to Corollary 12. 5[ we get f l2.14p . Besides, thanks to (12. 4p and 
Lemma 13.31 we obtain that 



||V'nllL2{M) = V8^ 



poo 




2 \ 






r dr ] 


Jo 







1 

< \\AuJ\l^ 



Then, {ip'^) is bounded in L^(M). Consequently, up to a subsequence extraction, 
(■^^) converges weakly in L^(M) to some function g e L^(M). Let us introduce the 
function 

V^«(s):= f g{T)dT. 



It's obvious that, up asubsequence extraction, -0^ ^ {i'^^^)' in i^^(K). It remains to 
prove that t/^*^^-* is a profile. 
Firstly, since 



= f 9{r)dr <V^s\\g\ 
Jo 



we get ^(1) G L^(R+,e-^'ds). 

Secondly, tp^^\s) = for all s < 0. Indeed, using the fact that 
Ikn|li2(^4) = / \Ms)\'e-''^"'' ds, 

we obtain that 

° (1) 4 



\^n{s)\' ds < / |^„(.)|V^"" ^ ds < ---^\\uJi, 

' -T [an') 
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By virtue of the boundedness of in L^(M^), we deduce that ipn converges strongly 
to zero in L^(] — oo,0[). Consequently, for almost all s < 0, up to a subsequence 
extraction, ('0„(s)) goes to zero. In other respects, as (-0^) converges weakly to g in 
L^(]R) and ipn belongs to Hl^^{R), we infer that 



Ms) - ^n(O) = / Mr) dr — 
Jo 

This gives rise to the fact that 

(2.15) VsG 

and ensures that M\]-oo,o] = 0- 

Finally, knowing that > VQtt^Aq and 



g(r) dr = M\s). 



{i)Vl 



> 



UM)'{t)\ dT= \MHK 



we deduce that || ('^'•^'')'||j;^2(k) ^ V Gtc'^Aq. 

Let us now consider the first remainder term: 
(2.16) r«(x)=M„(x)-(?«(x), 



□ 



where 



9^:\^) 



a 



(1) 



— log |x| 



with pn\s) = [an^) p[an^ s) . Recalling that 



„(i) 



(1), 



Unix 



',\x\ 



and taking 



advantage of the fact that (-0^) converges weakly in L^(M) to {M^)'^ we get the 
following result. 

Proposition 2.7. Let («„)„ be a sequence in H^^^{M.'^) satisfying the assumptions 
of Theorem \l.l(K Then, there exist a scale and a profile such that 



(2.17) 

In addition, we have 



uMr 



(2.18) 



lim 

n—>oo 



L2 



lim 

n— >oo 



OfUyi 

r 



L2 



-iW^M) 



(i)vll^ 



where rli^ is given by f l2.16p . 

Proof. The inequality fl2.17p is contained in Lemma 12.61 Besides, noticing that 



L2 



^ll^:,-((^«)'*p«)l 
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we get 
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lim 

n— >oo 



-lim||<||i.(«) + -lim||(^«y*pi^ 

2n-s>oo /„ 



(1)1 



lim 



-OrU. 



We write 

Since ("0^) converges weakly in L^(M) to {^p^^^y, we obtain that 



ds 



(2.19) 



|2 

Il2(R)- 



Besides, according to Cauchy-Schwarz inequality, we infer that 



ds 



< 



< 4 



-drUn 



L2(R4) 



:((^(i)y*p(i))_(^(i)y| 



The boundedness of {-drUn) in L^(R'^) and the strong convergence of ((v^«y*p«) 
to (?/^(^))' in L2(M) imply that 



(2.20) 



ds — > 0. 



□ 



Taking advantage of (KW) and (1^^ . we deduce fl^3H]) . 

2.4. Conclusion. Our concern now is to iterate the previous process and to prove 
that the algorithmic construction converges. Thanks to the fact that (-0'-^'' * pn ■*) is 
supported in [— oo[, we get for R > e, 



,(1) 



^ J —00 

= 7 r*i^.(t)iv^°^"*rft 



''n\\L2{\x\>R)- 

This implies that [vn^] satisfies the hypothesis of compactness (11.111) . According to 
(I2.18P and the inequalities (12. 6p . (12. 7p and (12. Sp . we deduce that (r^ ■*) satisfies also 
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(HH). 

Let us now define Ai = limsup If = 0, we stop the process. If not, since 

71— >00 

tfie sequence [vn^] satisfies the assumptions of Theorem I1.10[ there exists a scale 

(ai^'*) satisfying the statement of Corollary 12.41 with Ai instead of Aq. In particular, 
there exists a constant C such that 

(2.21) ^ 



where rl^Vs) 



e In addition, the scales and [an^) are orthogonal. 



Otherwise, there exists a constant C such that 



C 



< 



a 



(2) 



a 



(1) 



< C. 



Using (I2.16p . we get 



r, 



a 



(1) 



a 



(2)' 



(2)" 



For any real number s, we have 

As ip^^"^ belongs to the Holder space C^, we obtain that 



< 



< 



1 

an 

1 
On 

1 
«n 

1 
an 



1 



0. 



Thanks to fl2.15p . we infer that 
This gives rise to 

,.(2)' 



lim 



(1) ' n 
On 



f«(a(f))= lim 1^, 



(2)~ 



which is in contradiction with the left hand side inequality of fl2.2ip . 
Moreover, there exists a profile tp^'^^ such that 



(2) 
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where Pn\s) = an^ p(^an^ s). Proceeding as the first step, we obtain that 



Ir9m\ > VoTT^^i and hm 

W n-s>oo 

Consequently, 



r 



hm 

n— >oo 



1 2 

-d 



L2 



hm 

n— >oo 



L2 



- ^ 2 ° 2 ^' 



where C = hmsup 

71— ^-OO 

Unix) 

with 



r 



L2 



. At iteration £, we get 



hmsup -a,rW ' <i_A2_^2_ _ _^2_^_ 
Therefore — )■ as £ — )■ oo and the proof of the main theorem is achieved. 

3. Appendix 

The first part of this appendix presents the proof of the fohowing proposition 
concerning the convergence in H'^{M.'^) of the sequence (/„) defined by (11. 6p . 



Proposition 3.1. We have 

\\U\\h{R^) = o(^^y l|V/a||i2(K4) = o(^) and \\Aml2 
Proof. Let us write 



with 



/ 
// 
/// 



I + 11 + II L 



dx, 



|a;|<e-°= 



|/q,(x)|^ dx and 



e-"<|xi<l 



dx. 



\x\>l 



It is easy to see that for a large enough 
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Besides, by repeated integration by parts, we obtain that 
4a 



11 



1 ^3 



1 9 —Arv 

1 / a e ae 



4a 



. 2 

-4a 



log r dr 



4 



32^ ^ 



Now, noticing that 





























V^(x) 



si \x\ < e" 



si e " < \x\ < 1, 



. V?]q,(x) si |x| > 1, 



we easily get 



|v/.|ii. 



-2a 



24a 



+ 



1 -e- 



-2a 



+ 



|V?7q,(x)|^ dx. 



\x\>l 



This ensures the result knowing that r]a G VlW^) and ||V?7q,||loo = o(—z 
Finally, since 

if |x| < e~", 



-2 



if e"'^ < l^l < 1, 



if |x| > 1, 



we get 



l^faWhiwi^dx = - + 1 + f lAijaix)]^ dx 

^ ' « J\x\>l 



which ends the proof of the last assertion in view of the fact that 7]^ € T'(M^) and 



|A,„| = 0(-L). 



□ 



In the following proposition, we recall the characterization of H^^^lW^) which is 
useful in this article. 

Proposition 3.2. We have 



rad\ 



The proof of Proposition 13.21 is based on the following lemma proved in [T7] : 
Lemma 3.3. For all u G H^^^(W^), we have 
1 



(3.1) 



-drU 



L2 



2n' 



A 1 

\u'(r)\'^r dr] < -\\Au\\j^2 
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Proof. By density, it suffices to consider smooth compactly supported functions. Let 
us then consider u G VradiM'^)- We have 

POO o 

\\Au\\l,(^,) = 271^ \u"{r) + -u'{r)\\Ur 







27r 



r 

2 



/ (u"{r) + -u'{r)) rUr + 8 -"-^^^ 
-Jo ^ r / Jo 



u'{r) r dr 



+ 4 / u"{r)u'{r)r'^ dr 





/•oo 

> 2'k'^{% j u'{rfrdr + Aj u"{r)u\r)r^ dr 
By integration by parts, we deduce that 

POO 

\\M\hiR^) > 8^' / ^^'irfr dr, 
Jo 

which achieves the proof of fl3.ll) . □ 

It will be useful to notice, that in the radial case, we have the following estimate 
which implies the control of the L°°-norm far away from the origin. 

Proposition 3.4. Let u G H^^^iW^). For r = |x| > 0, we have 

1 i i 

(3-2) \U{X)\ < -|||i/||22(R4)||VM||22(j54), 

Proof. Let u G VradiM'^) and let us write for r > 0, 

/oo POO ^ ^ 

u{s)u'{s)ds = —2 J s2u{s)s^u'{s) —. 

According to Cauchy-Schwarz inequality, we obtain 

9 foo 1 i , 9 foo , 1 



uir)'' < I ^''H-^)\^ dsy i^— I s'\u'is)\^ds 



which leads to (13. 2p by density arguments. □ 
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